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This paper evaluates the dynamic out-of-sample nominal exchange rate
forecasting performance of the canonical New Keynesian model of a small
open economy. A novel Bayesian procedure for jointly estimating the
hyperparameters and trend components of a state space representation of
an approximate linear panel unobserved components representation of
this New Keynesian model, conditional on prior information concerning the
values of hyperparameters and trend components, is developed and applied
for this purpose. In agreement with the existing empirical literature, the
paper finds that nominal exchange rate movements are difficult to
forecast, with a random walk generally dominating the canonical New
Keynesian model of a small open economy in terms of predictive accuracy
at all horizons. Nevertheless, the paper finds empirical support for the
common practice in the theoretical open economy macroeconomics literature
of imposing deterministic equality restrictions on deep structural
parameters across economies, both in-sample and out-of-sample.

Introduction

There exists an extensive empirical literature concerning the predictability of nominal
exchange rates, using the structural macroeconomic models over the recent flexible
exchange rate period. The general conclusion of this literature is that exchange rate
movements are difficult to forecast at short horizons, while there exists some evidence of
long horizon predictability. The most influential negative empirical evidence was
documented by Meese and Rogoff (1983), who evaluated the out-of-sample forecasting
performance of a variety of structural models of nominal exchange rate determination.
Their primary result was that all structural macroeconomic models were generally
dominated by a driftless random walk in terms of predictive accuracy at short horizons,
despite generating exchange rate forecasts conditional on out-of-sample realizations of

other macroeconomic variables.

The empirical literature concerning the predictability of nominal exchange rates using

structural macroeconomic models was recently updated by Cheung et al. (2005), who
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found that exchange rate movements remain difficult to forecast, with a random walk
generally dominating a variety of structural models of nominal exchange rate
determination in terms of predictive accuracy, conditional on out-of-sample realizations
of other macroeconomic variables at all horizons. These results suggest that exchange rate
movements are difficult to rationalize on the basis of movements in other macroeconomic
variables, even retrospectively. This empirical disconnect between nominal exchange
rates and other macroeconomic variables out-of-sample, labeled as the exchange rate
forecasting puzzle by Obstfeld and Rogoff (2000), has never been decisively resolved in
spite of numerous attempts to do so, and a random walk has become the standard
benchmark for evaluating the exchange rate forecasting performance of structural
macroeconomic models.

The exchange rate forecasting puzzle is an empirical property of a set of structural
macroeconomic models which predominantly excludes those arising from revolutionary
developments in the theoretical open economy macroeconomics literature during the last
decade. Building on the seminal contribution of Obstfeld and Rogoff (1995), a dominant
theoretical paradigm for conducting open economy macroeconomic analysis, has recently
emerged based on rigorous microeconomic foundations and nominal rigidities of short run.
The set of structural macroeconomic models associated with this theoretical paradigm was
enriched by Gali and Monacelli (2005), who extended the canonical New Keynesian model
of a closed economy exemplified by Woodford (2003) to a small open economy setting,
by introducing international trade and financial linkages. Variants of the resulting structural
macroeconomic model, which we refer to as the canonical New Keynesian model of a small
open economy, have since then been extensively applied to the analysis of the monetary
transmission mechanism and the optimal conduct of monetary policy.

This paper evaluates the dynamic out-of-sample nominal exchange rate forecasting
performance of the canonical New Keynesian model of a small open economy. A novel
Bayesian procedure for jointly estimating the hyperparameters and trend components of
a state space representation of an approximate linear panel unobserved components
representation of this New Keynesian model, conditional on prior information concerning
the values of hyperparameters and trend components, is developed and applied for this
purpose. In agreement with the existing empirical literature, we find that nominal
exchange rate movements are difficult to forecast, with a random walk generally
dominating the canonical New Keynesian model of a small open economy in terms of
predictive accuracy at all horizons. Nevertheless, we find empirical support for the
common practice in the theoretical open economy macroeconomics literature, of imposing
deterministic equality restrictions on deep structural parameters across economies, both
in-sample and out-of-sample.

Next, the paper develops the canonical New Keynesian model of a small open
economy. Then, a panel representation of an approximate linear unobserved components
representation of New Keynesian model is described. The development and application
of a Bayesian procedure for jointly estimating the hyperparameters and the trend
components of this approximate linear panel unobserved components representation of
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the New Keynesian model is presented next. An evaluation of its dynamic out-of-sample
nominal exchange rate forecasting performance is then conducted. Finally, the paper

concludes and makes recommendations for further research.

Model Development

Consider two open economies that are asymmetric in size, but are otherwise identical. The
domestic economy is of negligible size relative to the foreign economy.

The Utility Maximization Problem of the Representative Household

The representative infinitely lived household has preferences defined over consumption, C,

and labor supply, L, represented by the intertemporal utility function:

Uy, = EtZﬁHM (CivoLis) (1)
s=t

where subjective discount factor S satisfies the condition O< S <1. The intratemporal

utility function is additively separable:

B (C )1—1/0 (L )l+1/77
u(CinLiy)= TP 1Z+Y1/n (2)

This intratemporal utility function is strictly decreasing with respect to labor supply if
and only if »>0. Given this parameter restriction, this intratemporal utility function is

strictly concave if >0 and 7>0.

The representative household enters period s in possession of a previously purchased
diversified portfolio of internationally traded domestic currency denominated bonds B,

that completely spans all relevant uncertainty. It also holds a diversified portfolio of
1 . .. . " .. 1

shares, {xiaj,f}j=0 , in domestic intermediate good firms that pay dividends {Hj,s}j=0' The

representative household supplies final labor service L,, earning labor income at

nominal wage W_. These sources of wealth are summed in household dynamic budget

constraint:

1 1
: . c
EQ; s11Bi 51+ J- Vi sXijsndi =B+ .[(Hj,s +Vj,s>(i,j,sd1 +WL;  — P G -3
Jj=0 Jj=0

According to this dynamic budget constraint, at the end of period s, the
representative household purchases a diversified portfolio of state contingent bonds
B where Q

is+1?

.. denotes the price of a bond which pays one unit of the domestic
currency in a particular state in the following period, divided by the conditional

probability of occurrence of that state. It also purchases a diversified portfolio of shares
{xi,j,ﬁl};:o at prices {VJ"S};:O' Finally, the representative household purchases final

consumption good C, at price PSC.
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In period 7, the representative household chooses state contingent sequences for
}w bond holdings {B,»,Hl}:):t, and share holdings

1,8 5=t

consumption {C» }DO labor supply {L

1,8 )g=¢
{{xi, JlHl}jzo - to maximize the intertemporal utility function (Equation 1) subject to the
dynamic budget constraint (Equation 3) and terminal nonnegativity constraints, B;r.; 20

and x; ;7,120 for T 5. In equilibrium, the selected necessary first order conditions
associated with this utility maximization problem may be stated as:

uc(CroLy)=P 2 e
—u(C.Ly) =W (5
Otk =B .(6)
Viude = BE 0 +V) 1) A (7)

where /4,,; denotes the Lagrange multiplier associated with the household dynamic budget
constraint of period 1. In equilibrium, necessary complementary slackness conditions
associated with the terminal nonnegativity constraints may be stated as:

BT

%gT”Qt+T,I+T+lBI+T+l =0 ...(8)
BT

%g—”‘g,t+ij,l+T+l =0 ...(9)

If the intertemporal utility function is bounded and strictly concave, together with all
necessary first order conditions, these transversality conditions are sufficient for the unique

utility maximizing state contingent intertemporal household allocation. The absence of
1

arbitrage opportunities requires that short-term nominal interest rate i, to satisfy, 1+i =EQ 1.
t

Combination of this equilibrium asset pricing relationship with necessary first order

conditions given by Equations 4 and 6, yields intertemporal optimality condition:

.\ P¢
MC(CZ’Lt):ﬂEZ(l-}_lt)P;cuC(Cﬁrl’LtJrl) ...(10)

t+1

which ensures that at maximum utility, the representative household cannot benefit from
feasible intertemporal consumption reallocations. Finally, combination of necessary first
order conditions given by Equations 4 and 5, yields intratemporal optimality condition:

_”L(Cz’Lt):ﬂ an
”C(Cz’Lz) P[C ’

which equates the marginal rate of substitution between leisure and consumption to the

real wage.
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The Value Maximization Problem of the Representative Firm

There exists a continuum of intermediate good firms indexed by je[(),l]. Intermediate
good firms supply differentiated intermediate goods, but are otherwise identical. Entry
into and exit from the monopolistically competitive intermediate output good sector is
prohibited.

Employment Behavior

;:0 to domestic households

at price V,. Recursive forward substitution for V. = with s > 0 in necessary first order

The representative intermediate good firm sells shares {x,-,_,-,,ﬂ}

condition (Equation 7) applying the law of iterated expectations reveals that the post-
dividend stock market value of the representative intermediate good firm equals the

expected present discounted value of future dividend payments,

o0

:EZ

1

S—[i
B A M,

s=t+1 4

(12)

Acting in the interests of its shareholders, the representative intermediate good firm
maximizes its pre-dividend stock market value, equal to the expected present discounted
value of current and future dividend payments:

Y
M+ =E Y I (13)

s=t

The derivation of the result (Equation 12) imposes transversality condition given by
Equation 9, which rules out self-fulfilling speculative asset price bubbles. Shares entitle the
households to dividend payments equal to the profit, HA,-)S , defined as revenues derived from
sales of differentiated intermediate output good, Y_/._S, at price, Ri),’s’ less expenditures on final
labor service, Lj,x:

Hj,x = Pj{ij,s _WvLj,x (14)

The representative intermediate good firm rents final labor service, L;, given the labor
augmenting productivity coefficient, A, to produce the differentiated intermediate output
good, Y., according to the production function:

Y, = AL, (15)

I
where, A > 0. This production function abstracts from capital accumulation and exhibits
constant returns to scale. In period ¢, the representative intermediate good firm chooses a
state contingent sequence for employment {Lias}iz to maximize the pre-dividend stock

market value (Equation 13) subject to the production function (Equation 15). In equilibrium,
demand for the final labor service satisfies the necessary first order condition,

..(16)
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where PY(I) js denotes the Lagrange multiplier associated with the period s production
technology constraint. This necessary first order condition equates the real marginal cost,

@, , to the ratio of the real wage to marginal product of labor.

Output Supply and Price Setting Behavior

There exist a large number of perfectly competitive firms, which combine the differentiated

intermediate goods, Y,

g’

supplied by the intermediate good firms in a monopolistically

competitive output market to produce the final output good, Y

2

according to the constant

elasticity of substitution production function:

1

01
Y, = J.(zz)idj , ..(17)

J=

where @ >1. The representative final output good firm maximizes the profits derived from
the production of the final output good,

Y Y
(=R~ IP,,IQ, .(18)

with respect to inputs of intermediate goods, subject to the production function (Equation 17).
The necessary first order conditions associated with this profit maximization problem yield
the intermediate output good’s demand functions,
-0

Y — P]I,/t Y 19

=== g

j P’ (19)

Since, the production function exhibits constant returns to scale, in competitive
equilibrium the representative final output good firm earns zero profit, implying aggregate
output price index:

P = J AR .(20)

As the price elasticity of demand for intermediate goods, @, increases, they become
closer substitutes, and individual intermediate good firms have less market power. In an
adaptation of the model of nominal output price rigidity proposed by Calvo (1983), in each
period a randomly selected fraction, 1—@, of intermediate good firms adjust their price
optimally. The remaining fraction, @, of intermediate good firms adjust their price to
account for the past steady state output price inflation according to the indexation rule:

Y _ -1 pY
P, _—I_’Yz Pii (2D
t
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Under this specification, optimal price adjustment opportunities arrive randomly, and
the interval between optimal price adjustments is a random variable. If the representative
intermediate good firm can adjust its price optimally in period ¢, then it does so to maximize
the pre-dividend stock market value (Equation 13) subject to the production function
(Equation 15), intermediate output good demand function (Equation 19), and the assumed
form of nominal output price rigidity. Since all the intermediate good firms that adjust their
price optimally in period #, solve an identical value maximization problem, in equilibrium
they all choose a common price Pty . given by the necessary first order condition.

— [
x s5— Y Y
E a)s—lﬁY [ﬂ'sq)[Pl—lPS ] PYY
* t E s| 5Y Y s Ls
[)[Y’ _ 0 s=t /11‘ PS*l Pt
pr o-1

— 6-1
% st Y pY ...(22)
EY o A B i) pry,
pn 4 \PL R

This necessary first order condition equates the expected present discounted value of the

revenue benefit generated by an additional unit of output supply, to the expected present
discounted value of its production cost. Aggregate output price index (Equation 20) equals
an average of the price set by the fraction 1—¢ of intermediate good firms who adjust their
price optimally in period z, and the average of the prices set by the remaining fraction @
of intermediate good firms that adjust their price according to indexation rule given by
Equation 21.

y o7 1-07 g
B =|(1-o) (e} +a{F’y‘ PLJ (23)
-2

Since, the intermediate good firms who are able to adjust their price optimally in period
t are selected randomly from all the intermediate good firms, the average price set by the
remaining intermediate good firms equals the value of the aggregate output price index that
prevailed during period #-1, rescaled to account for past output price inflation.

International Trade and Financial Linkages

In an open economy, exchange rate adjustment contributes to both intratemporal and
intertemporal equilibration, while the business cycles are generated by interactions among
a variety of nominal and real shocks originating both domestically and from abroad.

International Trade Linkages

The law of one price asserts that arbitrage transactions equalize the domestic currency prices
of domestic imports and foreign exports. Let E denote the nominal exchange rate, which
measures the price of foreign currency in terms of domestic currency, and we define the real
exchange rate as,

_EPRN
- PY s

s

0, ..(24)
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which measures the price of foreign output in terms of domestic output. Under the law of
one price, the real exchange rate coincides with the terms of trade, which measures the price
of imports in terms of exports. There exist a large number of perfectly competitive firms that

combine a domestic intermediate consumption good, C,, and a foreign intermediate

hpt’
consumption good, C,, to produce the final consumption good, C,, according to the constant

elasticity of substitution production function:

v l//yil
(Cf,t) ’ (25)

1 v
v

C=|¢¥ ()" +(1-9)

< |-

where 0<¢<1 and w>1. The representative final consumption good firm maximizes
profits derived from production of the final consumption good,

H[C — [)ZCCZ _ PzYch,z _ Ez[)ty’fcf,l s (26)

with respect to inputs of domestic and foreign intermediate consumption goods, subject to
the production function (Equation 25). The necessary first order conditions associated with
this profit maximization problem imply intermediate consumption good’s demand functions:

P
Chy=9¢ P‘—C G, (27)
t
v
EpPV/
Cf,t=(1_¢)[[P—[c] C .(28)
t

Since, the production function exhibits constant returns to scale, in competitive
equilibrium the representative final consumption good firm earns zero profit, implying

aggregate consumption price index:
1

B = [¢ e -9 e )H”}g 29

Combination of this aggregate consumption price index with intermediate consumption
good demand functions (Equation 27 and 28) yields:

Cha =¢[ +(1-¢) (Q,)l“”]ﬁq .(30)

¢, =(-g)fi-0)rs0yive, G

These demand functions for domestic and foreign intermediate consumption goods are
directly proportional to the final consumption good demand, with a proportionality
coefficient that varies with the real exchange rate.
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International Financial Linkages

Under the assumption of complete international financial markets, utility maximization by
domestic and foreign households implies intertemporal optimality conditions:

~ Puc(Criis L) BS

Q41 = and (32
! ”C(Can) P,El 32)
Y,
_puclcl il )R E,
Qt,t+1

= , , (33)
wclcs tf) B Eu

respectively. Combination of these intertemporal optimality conditions with real exchange
rate defined by Equation 24 yields international risk sharing condition:

C
0, uclc! Ll ) PE

uc(C,.L,) PY .(34)

Under the assumption that the domestic economy is of negligible size relative to the
foreign economy, this international risk sharing condition induces stationarity of
consumption and the real net foreign asset position.

Monetary Policy

The government consists of a monetary authority which implements monetary policy
through control of the nominal interest rate according to the monetary policy rule:

-1, =& (z€ =7 )+ ¢ (nY, ~ 1T, )+, .(35)

where £>1 and ¢ >0. As specified, the deviation of the nominal interest rate from its
deterministic steady state equilibrium value is a linear increasing function of the
contemporaneous deviation of consumption price inflation from its target value, and the
contemporaneous proportional deviation of output from its deterministic steady state
equilibrium value. Persistent departures from this monetary policy rule are captured by the
serially correlated monetary policy shock, v.

Market Clearing Conditions

A rational expectation equilibrium in this New Keynesian model of a small open economy
consists of state contingent intertemporal allocations for domestic and foreign households
and firms which solve their constrained optimization problems given prices and policy,
together with state contingent intertemporal allocations for domestic and foreign
governments which satisfy their policy rules, with supporting prices such that all markets
clear. Clearing of the final output good market requires that production of the final output
good equals the cumulative demands of domestic and foreign households:

Y, =Gy, +C}, ..(36)

The assumption that the domestic economy is of negligible size relative to the foreign
economy is represented by parameter restriction ¢f =1, under which Pty oS = PtC’f in
equilibrium.
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The Approximate Linear Panel Unobserved Components Model

Estimation and forecasting are based on a state space representation of a panel representation
of an approximate linear unobserved components representation of the New Keynesian model
of a small open economy. In constructing the approximate linear unobserved components
representation, cyclical components are modeled by linearizing equilibrium conditions
around a stationary deterministic steady state equilibrium which abstracts from long run
balanced growth, while trend components are modeled as random walks while ensuring the
existence of a well-defined balanced growth path. In constructing the panel representation,
this approximate linear unobserved components representation is replicated across a set of
structurally isomorphic small open economies. Parameter homogeneity across economies is
imposed in deriving the cyclical component specifications associated with the approximate
linear unobserved components representation, but is relaxed in constructing the cyclical
component specifications associated with its panel representation.

In what follows, E, x associated with

k.t+s

denotes the rational expectation of variable, Xy e
the small open economy k, conditional on the information available at time 7. Moreover, )Ack,,
denotes the cyclical component of the variable, x,, while Xy, denotes the trend component
of the variable, x, . Cyclical and trend components are additively separable, that is
Xip = “%k,z +}k,z .

Cyclical Components

The cyclical component of output price inflation depends on the expected future cyclical
component of output price inflation and the contemporaneous cyclical component of real

marginal cost according to output price Phillips curve:

(1-o)(-op)

N Ny
T = ﬂElﬂk,t+1 + o
k

1

%Ok

( ! +i)ln);k,t ~(1-¢,)

o[ 1+ - 1+ A
rrar lnth —LI—MLHQL; - InA, ...(37)
k“ k k

%Ok Tk

Reflecting the existence of international trade linkages, the cyclical component of real
marginal cost depends not only on the contemporaneous cyclical component of domestic
output, but also on the contemporaneous cyclical components of foreign output and the real
exchange rate. The cyclical component of consumption price inflation depends on the
expected future cyclical component of consumption price inflation and the contemporaneous
cyclical component of real marginal cost according to consumption price Phillips curve:

~ n 1- 1-
”kczz:ﬂEzﬂkc,HlJ"( wk)aE a)kﬂ)
k
(1 +i\lnfkl—(1—¢k) ! 1n2f—(1—M\ank, BLLL/SHY 5
L¢k6k U ' A0 L %Ok J ' Mk ’
#1-g)in-2 g (1 g, )E, In 2 G
k,t—1 k.t
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Reflecting the entry of the price of imports into the aggregate consumption price index,
the cyclical component of consumption price inflation also depends on contemporaneous
and expected future proportional changes in the cyclical component of the real exchange
rate. The cyclical component of output depends on the expected future cyclical component
of output and the contemporaneous cyclical component of the real interest rate according
to approximate linear consumption Euler equation:

R . X 2 o)
A ~C k,t+1
lnYk,z =K, lnYk,m—l — $Ok (lk,z _Ez”k,t+l)_(l_¢k) E, ln)é_;-l'ﬂ//k(l _¢k)Ez In Qt+ ...(39)
{ k.t

Reflecting the existence of international trade linkages, the cyclical component of
output also depends on expected future proportional changes in the cyclical components
of foreign output and the real exchange rate. The cyclical component of the nominal interest
rate depends on the contemporaneous cyclical components of consumption price inflation
and output according to the monetary policy rule:

fk,z =§k7%1(<:,z +Ck leAk,z Ve ...(40)

This monetary policy rule ensures convergence of the level of consumption price
inflation to its target value in deterministic steady state equilibrium.

The cyclical component of the real exchange rate depends on the contemporaneous
cyclical component of the output differential according to the approximate linear
international risk sharing condition:

1
¢1?°'1< +'/’k(1+¢k)(1—¢k)

The cyclical component of the real interest rate satisfies fk,l:fk,,—E,ﬁkc’, +1» Wwhile the

ank,t =

(m?k,, —1n?k{,) .(41)

cyclical component of the real exchange rate satisfies anAk,lzlnEk’,-klnIE‘,Y f —lnﬁk);.

Variation in cyclical components is driven by two exogenous stochastic processes. The
cyclical components of the productivity and monetary policy shocks follow stationary first

Order autoregressive processes:
InA, ,=p. InA +6‘A g‘:‘ ~iid N (0,02 42
ki = PR M A1+ Ejps iy O Ak ..(42)

~ A v v .. 2
Vit = PoicVky-1 T Ekys Eky ~id N (070\»,/{) ..(43)

The innovations driving these exogenous stochastic processes are assumed to be
independent, which combined with our distributional assumptions implies multivariate
normality.

Trend Components
The trend components of the prices of output and consumption follow random walks with
time varying drift, z;,, while the trend component of output follows a random walk with

time varying drift, g,
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pY

oY oY P P .. 2
InP,=m,+InP, | +é&,, &, ~iidN (O,O'Fy k), .(44)
1 }_)C _ l FC I_jc ch d N 0 2
NG =7, +ING, +E,, &y ~U »Opc 1), ...(45)

In¥,, = g, +In¥,,  +&,, &, ~iid N (0,0'%k) ...(46)

It follows that the trend component of the relative price of consumption follows a
driftless random walk. This implies that along a balanced growth path, the level of this
relative price is time independent but state dependent. The trend components of the
nominal interest rate and nominal exchange rate follow driftless random walks:

7 < i i .. 2
Iy =lso1 Y€k Epy ~iid N (O’O-E,k) ..(47)

InE, =InEy,  +&f,, &, ~iid N (O,a%:,k) ..(48)

It follows that along a balanced growth path, the levels of the nominal interest rate and
nominal exchange rate are time independent but state dependent. The trend component of
the real interest rate satisfies Fk,,:l?k’,—Eﬁkc,l +1» while the trend component of the real
exchange rate satisfies lnék,, =ln1§k’,+ln}_’ly’f—lnﬁ,§[.

Long run balanced growth is driven by two common stochastic trends. Trend inflation
and growth follow driftless random walks:

My =Mpsoy + 60y Exy ~iid N (o,af,,k) ..(49)
.. 2
Skt = 8kt TERs EX,~ 1A N (0,0'g,k) ...(50)

It follows that along a balanced growth path, growth rates are time independent but state
dependent. As an identifying restriction, all innovations are assumed to be independent,
which combined with our distributional assumptions implies multivariate normality.

Estimation

If our approximate linear panel unobserved components representation of the canonical New
Keynesian model of a small open economy is correctly specified, then estimating its deep
structural parameters conditional on deterministic cross-economy equality restrictions may
be expected to yield mean squared error optimal exchange rate forecasts at all horizons.
However, the empirical adequacy of many of the assumptions underlying this particular
version of the New Keynesian model have been called into question, including but not
limited, to the assumptions of intertemporally additive preferences, perfectly flexible wages,
complete international financial markets, and complete exchange rate pass through. Under
such extensive and diverse potential forms of model misspecification, it may instead be
mean squared error optimal from an exchange rate forecasting perspective to estimate these
deep structural parameters conditional on stochastic cross-economy equality restrictions of
horizon dependent tightness.
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Here, we develop and apply a novel Bayesian procedure for jointly estimating the
hyperparameters and trend components of a state space representation of a panel unobserved
components representation of a multivariate linear rational expectations model, conditional
on prior information concerning the values of hyperparameters and trend components. Prior
information concerning the values of hyperparameters is summarized by a hierarchical prior
distribution that represents different levels of subjective beliefs. The first tier of this
hierarchical prior distribution is informative only for deep structural parameters, identified as
those parameters associated with the conditional mean function, and represents the belief that
their values are approximately equal across economies. The second tier of this hierarchical
prior distribution is diffuse, and represents the belief that the common values to which these
deep structural parameters are approximately equal are completely unknown.

Estimation Procedure

Let x, denote a vector stochastic process consisting of levels of N nonpredetermined
endogenous variables, of which M are observed. The cyclical components of this vector
stochastic process satisfy the second order stochastic linear difference equation

Ao)’el = Al)%[—l + A2E121+1 + A3‘,;[ (51)

where the vector stochastic process, 7,, consists of the cyclical components of K exogenous
variables. This vector stochastic process satisfies stationary first order stochastic linear
difference equation:

V=B ey, .(52)

where &, ~iid N (0,21). If there exists a unique stationary solution to this multivariate

linear rational expectations model, then it may be expressed as:
)ACZ = Cl)%l—l +C2{}[ (53)

This unique stationary solution is calculated with the matrix decomposition based
algorithm proposed by Klein (2000). The trend components of the vector stochastic process,
x, satisfy the first order stochastic linear difference equation.

Dox, = Dy, + DyX,_; + &5, ..(54)

where &, ~iid N (0,22). The vector stochastic process, u,, consists of levels of L common
stochastic trends, and satisfies nonstationary first order stochastic linear difference
equation,

U =U_| +&3, ...(55)

where &3, ~iid N (0,23). The cyclical and trend components are additively separable, that

1S X, =X, +X,.

Let y, denote a vector stochastic process consisting of levels of M observed
nonpredetermined endogenous variables. Also, let z, denote a vector stochastic process
consisting of the levels of N-M unobserved nonpredetermined endogenous variables, the
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cyclical components of N nonpredetermined endogenous variables, the trend components
of N nonpredetermined endogenous variables, the cyclical components of K exogenous
variables, and the levels of L common stochastic trends. Given unique stationary solution
(Equation 53), these vector stochastic processes have linear state space representation:

v, =Fz ...(56)
2 = Glztfl + G284,t (57)

where &, ~iid N (0,24) and zp~N (Z()‘(),P()‘()). Let w, denote a vector stochastic process
consisting of preliminary estimates of the trend components of M observed nonpredetermined
endogenous variables. Suppose that this vector stochastic process satisfies:

w; = Hz; + &5, ..(58)

where &5, ~iid N(0,25). Conditional on known parameter values, this signal equation
defines a set of stochastic restrictions on selected unobserved state variables. The signal and
state innovation vectors are assumed independent, while the initial state vector is assumed
to be independent of the signal and state innovation vectors, which combined with our
distributional assumptions, implies multivariate normality.

Conditional on the parameters associated with these signal and state equations, estimates
of unobserved state vector, z, and its mean squared error matrix, P, may be calculated with
the filter proposed by Vitek (2007), which adapts the filter proposed by Kalman (1960), to
incorporate prior information. Given initial conditions zgp and Fyq, estimates conditional
on information available at time 7—1 satisfy the prediction equations:

L1 = G121 ..(59)
By = G1Pz—1|z—1G1T +G,y2,G) ..(60)
V-1 = Fizg1 ..(61)
Q1 = FPy F .(62)
W1 = Hizgp ..(63)
Ry =H\Py_H +3; (64)

Given these predictions, under the assumption of multivariate normally distributed
signal and state innovation vectors, together with conditionally contemporaneously
uncorrelated signal vectors, estimates conditional on information available at time ¢ satisfy
the updating equations.

e = Zypp-1 T Ky, ()’t - yt\t—l)+ Kw, (Wt - Wt\t—l) ...(65)

By =Fy—K, KR, - K, H\F), ...(66)
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T -1 T -1 C .
where K, =P, F{ O,y and K, =F; (H{R;_;. Under our distributional assumptions,
these estimators of the unobserved state vector are mean squared error optimal.

Let 6e®c / denote a J dimensional vector containing the hyperparameters associated
with the signal and state equations of this linear state space model. The Bayesian estimator
of this hyperparameter vector has posterior density function.

FO11r) f(1r16) £(6) (67)

where [, ={{ys}§:l,{w‘Y }2:1}. Under the assumption of multivariate normally distributed signal
and state innovation vectors, together with conditionally contemporaneously uncorrelated
signal vectors, conditional density function f (IT|¢9) satisfies:

T T
IT ‘9 Hf Vel .0 Hf wi | 1_1,0 ...(68)
t=1 t=1

Under our distributional assumptions, conditional density functions f (yt‘lt—he) and
f(W[|It71,9) satisfy:

1
f (o, 11,.1,0)= (272)_%|Q,|[,1|_5 exp{—%()’; - yt|t—1)TQt_|tl—1(yt - ytpl)} ..(69)

1
f (Wz | It—l’g): (2”)_%|Rt|z—1‘7§ exp{—%(wt ~Wijr-1 )TRt_|zl—1 (Wt ~Wilt—1 )} ...(70)

Estimation of the hyperparameters is conditional on both the levels of observed
nonpredetermined endogenous variables and preliminary estimates of their trend components.
Prior information concerning hyperparameter vector, @, is summarized by a hierarchical
prior distribution,

£6)=r(6,16) £(6,) (71)

where ez(elT ’92T )r Prior information concerning parameter vector, 6;, which contains those
J, parameters associated with the signal and state equations of this linear state space model
under parameter heterogeneity across economies, is summarized by a conditional multivariate
normal prior distribution having mean vector, 91‘2, and covariance matrix, Qp:

£(616,)=( ‘Quz‘ ZGXP{—%( 91|2) Q1|2( 91|2)} (72)

Prior information concerning hyperparameter vector, 6,, which contains those J, = J-J,
parameters associated with the signal and state equations of this linear state space model
under parameter homogeneity across economies, is summarized by an unconditional
multivariate normal prior distribution having mean vector, 65, and covariance matrix, Qj:

J, 1
£ (6)=r) 5| p{ 1@—03)%;1(@2—@3)} o

2
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Independent priors are represented by diagonal covariance matrices, under which
parameter homogeneity across economies is represented by €2, =0, while parameter
heterogeneity is represented by Q, #0.

Inference on the hyperparameters under either parameter homogeneity across economies
or parameter heterogeneity is based on an asymptotic normal approximation to the posterior
distribution around its mode. Under regularity conditions as stated in Geweke (2005),
posterior mode, éT, satisfies:

JT (6, - 0, Nlo-H3"). -(74)

where ), € ® denotes the pseudo true hyperparameter vector. Following Engle and Watson
(1981), Hessian, H

,» may be estimated by:

Hy :%iEtl[VQVg lnf(y, |I;1aéT)]+%iEt1[V9Vg lnf(w, |It—lséT)]
=1 =1

+%V3V5 in s (6r). (75)

5 1 1 -1 -1
where E;_ [V9V5 In f (yt \IHaQT)]: —VeytT\tAQt\tAVe)’nzA _EVQQtZ\;—I (Qt|t71 ®Qt\t71)v6’Qt|t71 and

A 1
T T -1 T -1 -1
E,_, [VHVH lnf(Wz | Iz—l’eT)]: _VHWt|z—lRt\t—lV9Wt\t—1 _EVHRI\I—I(RIV—I ® Rt|z—l)v9Rt|z—1 .

Estimation Results

The hyperparameters and trend components of our approximate linear panel unobserved
components representation of the canonical New Keynesian model of a small open economy
are jointly estimated with the Bayesian procedure as described above, conditional on the
prior information concerning the values of hyperparameters and trend components.
Estimation is based on the levels of five observed endogenous variables for each of
Australia, Canada and the United Kingdom, which are treated as small open economies, and
three observed endogenous variables for the United States, which is treated as a closed

economy. Descriptions of the variables employed are contained in the Appendix.

Prior information concerning the values of hyperparameters is summarized by a
hierarchical prior distribution which represents different levels of subjective beliefs. The
first-tier of this hierarchical prior distribution is informative only for deep structural
parameters, and represents the belief that their values are approximately equal across
economies. Under the case of parameter homogeneity across economies, corresponding to
deterministic cross-economy equality restrictions, this conditional prior distribution is
degenerated. The second tier of this hierarchical prior distribution is diffuse, and represents
the belief that the common values to which these deep structural parameters are
approximately equal are completely unknown.

The hyperparameters and trend components of our approximate linear panel unobserved
components representation of the canonical New Keynesian model of a small open economy
are jointly estimated with the Bayesian procedure in two steps. In the first step, parameter
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homogeneity across economies is imposed, and a set of objective beliefs concerning the
common values to which deep structural parameters are exactly equal is generated. In the
second step, parameter homogeneity across economies is systematically relaxed, and these
deep structural parameters are repeatedly estimated conditional on different sets of
subjective beliefs concerning the common values to which they are approximately equal
derived from the first step. These subjective beliefs correspond to stochastic restrictions on
deep structural parameters having conditional means equal to posterior modes estimated in
the first step, and conditional standard errors proportional to corresponding estimates of
posterior standard errors. All stochastic restrictions are independent, represented by a
diagonal covariance matrix, and are harmonized, and represented by a common factor of
proportionality. This common factor of proportionality indexes different sets of subjective
beliefs, ranging from strong convictions in parameter homogeneity across economies for
low values, to weak convictions for high values.

Prior information concerning the values of trend components is generated by fitting third
order deterministic polynomial functions to the levels of all observed endogenous variables
by ordinary least squares. Stochastic restrictions on the trend components of all observed
endogenous variables have conditional means equal to the predicted values associated with
these ordinary least squares regressions, and conditional standard errors proportional to
corresponding estimates of prediction standard errors assuming known parameters. All
stochastic restrictions are independent, represented by a diagonal covariance matrix, and are
harmonized, represented by a common factor of proportionality. Reflecting little confidence
in these preliminary trend component estimates, this common factor of proportionality is
set equal to one.

We jointly estimate the hyperparameters and trend components of our approximate
linear panel unobserved components representation of the canonical New Keynesian model
of a small open economy over the period 1973(Q3) to 2006(Q2). Estimation results
corresponding to different sets of subjective beliefs concerning parameter homogeneity
across economies are reported in Tables 1-4. Initial conditions for the cyclical components
of exogenous variables are given by their unconditional means and variances, while the
initial values of all other state variables are treated as parameters, and are calibrated to
match functions of initial realizations of the levels of observed endogenous variables, or
preliminary estimates of their trend components calculated with the linear filter described
in Hodrick and Prescott (1997). The posterior mode is calculated, as stochastic
cross-economy equality restrictions are systematically relaxed by numerically maximizing
the logarithm of the posterior density kernel with a modified steepest ascent algorithm. The
sufficient condition for the existence of a unique stationary rational expectations
equilibrium as proposed by Klein (2000) is always satisfied in a neighborhood around the
posterior mode, while our estimator of the Hessian is never nearly singular at the posterior
mode, suggesting that our state space representation of our approximate linear panel
unobserved components model is locally identified.

Under the case of parameter homogeneity across economies, the posterior modes of the
deep structural parameters associated with our approximate linear panel unobserved
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components representation of the canonical New Keynesian model of a small open economy
are all well within the range of estimates reported in the existing literature and are generally
precisely estimated, as evidenced by the relatively small posterior standard errors. Under the
case of parameter heterogeneity across economies, the posterior modes of these deep
structural parameters all remain well within the range of estimates reported in the existing
literature, but are generally less precisely estimated, revealed by the larger posterior standard
errors. The estimated variances of shocks driving variation in cyclical components are all
well within the range of estimates reported in the existing literature, after accounting for
data rescaling. The estimated variances of shocks driving variation in trend components are
relatively high, indicating that the majority of variation in the levels of observed
endogenous variables is accounted for by variation in their trend components.

The distance between the posterior modes of the deep structural parameters associated
with our approximate linear panel unobserved components representation of the canonical
New Keynesian model of a small open economy and their prior mean is generally
increasing in the common factor of proportionality applied in generating prior standard
errors, as expected. However, this distance is generally relatively small, both
economically and statistically, even under the case of diffuse cross-economy equality
restrictions, lending empirical support to the common practice in the theoretical open
economy macroeconomics literature of imposing deterministic cross-economy equality

restrictions on deep structural parameters.

Forecasting

Our evaluation of the dynamic out-of-sample nominal exchange rate forecasting
performance of the canonical New Keynesian model of a small open economy is
multidimensional. First, we examine whether and to what extent the model yields
incremental predictive power relative to a driftless random walk across different horizons.
This is facilitated by nesting this New Keynesian model within an approximate linear
unobserved components framework in which the trend component of the nominal exchange
rate follows a driftless random walk. Second, we examine whether and to what extent
imposing stochastic cross-economy equality restrictions on the deep structural parameters
of the model yields incremental predictive power across different horizons, as these
parameter restrictions are systematically tightened. This is facilitated by nesting our
approximate linear unobserved components representation of this New Keynesian model

within a panel framework.

While it is desirable that forecasts be unbiased and efficient, the practical value of any
forecasting model depends on its relative predictive accuracy. In the absence of a
well-defined mapping between forecast errors and their costs, relative predictive accuracy
is generally assessed with mean squared prediction error based measures. We measure the
dynamic out-of-sample nominal exchange rate forecasting performance of the canonical
New Keynesian model of a small open economy relative to that of a driftless random walk
over a holdout sample of size R at various horizons & < H on the basis of the U-statistic

proposed by Theil (1966), which equals the ratio of root mean squared prediction errors:
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R-H
1
R-H+1 (ln Ep r-Ren+s = 1nEk,T—R+h+s|T—R+x)z
Un = s=0
| R-H
! .(76)
R_H+1 ;(lnEk,T—RHHs - 1nEk,T—R+s)z

If U, <1 then the exchange rate forecasting performance of this New Keynesian model
dominated that of a random walk for a small open economy, %, at horizon %, over the holdout
sample under consideration, and vice versa.

Forecast performance evaluation exercises differ with respect to the manner in which
data dependent inputs are updated as the forecast origin rolls forward. Motivated by
computational cost considerations, we combine a fixed scheme for updating prior and
posterior parameter distributions, which are estimated conditional on information available
at the initial forecast origin, with a recursive scheme for updating prior and posterior state
variable distributions, which are estimated conditional on information available at the
actual forecast origin.

To compare the dynamic out-of-sample nominal exchange rate forecasting performance
of the canonical New Keynesian model of a small open economy with that of a driftless
random walk, 40 quarters of observations are retained to evaluate forecasts through 20
quarters ahead. The results of this forecast performance evaluation exercise are reported
in Table 5. Exacerbating the exchange rate forecasting puzzle, we find that the New
Keynesian model generally yields economically small negative incremental predictive
power relative to a random walk at all horizons, measured in terms of root mean squared
error. To elaborate, under the case of diffuse cross-economy equality restrictions, it yields
incremental predictive power of —1.8% for Australia, —=3.9% for Canada, and -0.3% for
the United Kingdom, averaged across horizons. Nevertheless, we find that imposing and
systematically tightening stochastic cross-economy equality restrictions on the deep
structural parameters of the New Keynesian model generally yields economically small
positive incremental predictive power at all horizons, measured in terms of root mean
squared error, with predictive power generally maximized under the case of deterministic
cross-economy equality restrictions. In particular, imposing deterministic cross-economy
equality restrictions yields incremental predictive power relative to imposing diffuse
restrictions of 0.2% for Australia, 1.4% for Canada, and 0.3% for the United Kingdom,
averaged across horizons.

Conclusion

This paper evaluates the dynamic out-of-sample nominal exchange rate forecasting
performance of the canonical New Keynesian model of a small open economy. In agreement
with the existing empirical literature, we find that nominal exchange rate movements are
difficult to forecast, with a random walk generally dominating this New Keynesian model
in terms of predictive accuracy at all horizons. Nevertheless, we find empirical support for
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the common practice in the theoretical open economy macroeconomics literature of
imposing deterministic cross-economy equality restrictions on deep structural parameters,

both in-sample and out-of-sample.

The empirical adequacy of many of the assumptions underlying the canonical New
Keynesian model of a small open economy has been called into question. An evaluation
of whether and to what extent systematically relaxing these assumptions yields incremental

predictive power remains an objective for future research. <
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Appendix

The data set consists of quarterly observations on several macroeconomic variables for three
approximately small open economies and one approximately closed economy over the period
1973(Q1) through 2006(Q2). The approximately small open economies under consideration are
Australia, Canada and the United Kingdom, while the approximately closed economy under
consideration is the United States.

The macroeconomic variables under consideration are the price of output, the price of consumption,
output, the nominal interest rate, and the nominal exchange rate. The price of output is proxied by
the seasonally unadjusted producer price index, while the price of consumption is proxied by the
seasonally unadjusted consumer price index. Output is proxied by seasonally adjusted real industrial
production. The nominal interest rate is measured by the three month Treasury bill rate expressed
as a period average, while the nominal exchange rate is quoted as an end of period value. All data
was extracted from the International Financial Statistics database maintained by the International

Monetary Fund.
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